Cat-state qubits (qubits encoded with cat states) have recently drawn intensive attention due to their enhanced life times with quantum error correction. We here propose a method to implement a universal controlled-phase gate of two cat-state qubits, via two microwave resonators coupled to a superconducting transmon qutrit. During the gate operation, the qutrit remains in the ground state; thus decoherence from the qutrit is greatly suppressed. This proposal requires only two basic operations and neither classical pulse nor measurement is needed; therefore the gate realization is simple. Numerical simulations show that high-fidelity implementation of this gate is feasible with current circuit QED technology. The proposal is quite general and can be applied to implement the proposed gate with two microwave resonators or two optical cavities coupled to a single three-level natural or artificial atom.
I. INTRODUCTION
Circuit quantum electrodynamics (QED), composed of superconducting (SC) qubits and microwave resonators or cavities, has developed fast in the past decade. The circuit QED is considered as one of the most feasible candidates for quantum information processing (QIP) [1] [2] [3] [4] . Due to controllability of their level spacings, scalability of the circuits, and improvement of coherence times [5] [6] [7] [8] [9] [10] [11] [12] , SC qubits are of great importance in QIP. The strong coupling and ultrastrong coupling between a SC qubit and a microwave resonator have been demonstrated in experiments [13, 14] . In addition, a coplanar waveguide microwave resonator with a (loaded) quality factor Q = 10 6 [15, 16] and a three-dimensional microwave resonator with a (loaded) quality factor Q ∼ 3.5 × 10 7 [17] have been reported in experiments. A microwave resonator or cavity with a high quality factor can act as a quantum data bus [18] [19] [20] and be used as a quantum memory [21, 22] , because it contains microwave photons whose life times are much longer than that of a SC qubit [23] . Recently, quantum state engineering and QIP with microwave fields or photons have attracted considerable interest.
Many theoretical proposals have been presented for preparation of Fock states, squeezed states, coherent states, schrödinger cat states, and an arbitrary superposition of Fock states of a single microwave resonator [24] [25] [26] [27] . Also, a Fock state and a superposition of Fock states of a single microwave resonator has been created experimentally [21, 28, 29] For two microwave resonators, theoretical proposals have been proposed for generation of nonclassical microwave field in two resonators [30] [31] [32] [33] , construction of two-qubit controlled-phase gates with microwave photons in two resonators [34] , and implementation of quantum state transfer between microwave photons in two resonators [35] [36] [37] . Experimentally, the creation of N-photon NOON states in two microwave resonators has been reported [38] . A complete quantum state transfer of a microwave photon qubit between two resonators can be experimentally realized, by combination of two previous experiments [39, 40] which employed the transfer protocol proposed in Ref. [36] . Moreover, schemes have been proposed for generation of multipartite entangled states of microwave photons in multiple resonators [41] and creation of entangled coherent states of microwave fields in many resonators or cavities [42] .
The focus of this work is on QIP with cat-state qubits (qubits encoded with cat states). [48] . However, after a deep search of literature, we found that how to realize a controlled-phase gate of two cat-state qubits has not been investigated so far. As is well known, a two-qubit controlled phase gate is universal, because two-qubit controlled phase gates, together with single-qubit gates, form the building blocks of quantum information processors.
In this paper, we propose a method to realize a universal two-qubit controlled-phase gate with cat-state qubits, via two microwave resonators coupled to a SC transmon qutrit (a three-level artificial atom) (Fig. 1) . During the gate operation, the qutrit stays in the ground state; thus decoherence from the qutrit is greatly suppressed. The gate implementation is simple because only two basic operations are needed and no classical pulse or measurement is required. Our numerical simulations show that high-fidelity implementation of this gate is feasible with current circuit QED technology.
This paper is organized as follows. In Sec. II, we explicitly show how to realize a universal controlled-phase gate of two cat-state qubits. In Sec. III, we numerically calculate the fidelity and briefly discuss the experimental feasibility. We end up with a conclusion in Sec. IV.
II. CONTROLLED-PHASE GATE OF CAT-STATE QUBITS
Consider a system consisting of two microwave resonators coupled to a transmon qutrit (Fig. 1) . The three level of the qutrit are labeled as |g , |e and |f , as shown in Fig. 2 .
It is worth noting that for an ideal transmon, the |g ↔ |f coupling is theoretically zero due to the selection rule [49] ; however in practice, there exists a weak coupling between these two states [50] . Supposed that resonator a is off-resonantly coupled to the |g ↔ |e transition of the qutrit with coupling constant g while resonator b is off-resonantly coupled to the |e ↔ |f transition of the qutrit with coupling constant µ (Fig. 2) . In addition, assume that resonator a is highly detuned (decoupled) from the |e ↔ |f transition of the qutrit and resonator (b) is highly detuned (decoupled) from the |g ↔ |e transition of the qutrit (Fig. 3) . Note that these conditions can be achieved by prior adjustment of the level spacings of the qutrit or/and the resonator frequency. Under these considerations, the
Hamiltonian of the whole system, in the interaction picture and after making the rotatingwave approximation (RWA), can be written as (in units of = 1)
where σ Under the large-detuning conditions |δ a | ≫ g and |δ b | ≫ µ, the Hamiltonian (1) becomes [46] H e = − λ a (â +â |g g| −ââ + |e e|)
where
The first four terms of Eq.(2) describe the photon-number dependent stark shifts of the energy levels |g , |e and |f , while the last two terms describe the |f ↔ |g coupling caused 
Here, g ′ is the coupling constant between resonator a and the |e ↔ |f transition, µ ′ is the coupling constant between resonator b and the |g ↔ |e transition, |δ ′ a | = ω a − ω f e is the detuning between the frequency of resonator a and the |e ↔ |f transition frequency, and |δ ′ b | = ω eg − ω b is the detuning between the frequency of resonator b and the |g ↔ |e transition frequency. Note that the coupling of both resonators with the |g ↔ |f transition of the qutrit is negligible because of the forbidden or very weak |g ↔ |f transition [49, 50] .
due to the two-resonator cooperation. For | △ | ≫ {λ a , λ b , λ}, the effective Hamiltonian H e changes to [51] 
where χ = λ 2 /∆. From Eq. (3) one can see that each term is associated with the level |g , |e , or |f . When the levels |e and |f are not occupied, they will remain unpopulated under the Hamiltonian (3). In this case, the effective Hamiltonian (3) reduces to
with
is the photon number operator for resonator a (b). Because of [H 0 , H int ] = 0, the unitary operator U 1 = e −iHet can be written as
The two logical states |0 and |1 of a cat-state qubit are encoded with cat states of a resonator, i.e., |0 = M
Eq. (7), one can see that the state |0 is orthogonal to the state |1 , which is independent of α (except for α = 0). 
We now adjust the frequency of resonator a such that resonator a is far-off resonant with the |g ↔ |e transition of the qutrit with coupling strength g and detuning | δ a | (Fig.   4 ), while it is highly detuned (decoupled) from the |e ↔ |f transition (Fig. 5) . Here, (Fig. 4) , with ω a being the adjusted frequency of resonator a. In addition, adjust the frequency of resonator b such that resonator b is decoupled from the qutrit. Note that the frequency of a microwave resonator can be rapidly adjusted with a few nanoseconds [52, 53] . Under these considerations, the Hamiltonian in the interaction picture and after making the RWA is given by
Forδ a ≫g and the level |e being not occupied, we havẽ satisfied. Here, g ′ is the coupling constant between resonator a and the |e ↔ |f transition, while δ ′ a = ω a − ω f e is the detuning between the frequency of resonator a and the |e ↔ |f transition frequency. Note that the coupling of resonator a with the |g ↔ |f transition of the qutrit is negligible because of the forbidden or very weak |g ↔ |f transition [49, 50] . In addition, since the frequency of resonator b is far detuned, resonator b is decoupled from the qutrit.
with λ a =g 2 /δ a . Then, performing a unitary transformation U 2 = exp(i λ ana |g g|t 2 ) for an interaction time t = t 2 , we obtain from Eqs. (8) and (9)
Note that the index factors (2m) (2m ′ ), (2m)(2n + 1), and (2n + 1)(2m ′ ) of Eq. (13) are even numbers, while the index factor (2n + 1)(2n ′ + 1) is an odd number. By setting
Hence, the states (12) become
which shows that the above two basic operations (i.e., U 1 and U 2 ) have completed a universal controlled-phase gate of two cat-state qubits, described by |00 ab → |00 ab , |01 ab → |01 ab , |10 ab → |10 ab , and |11 ab → −|11 ab . After this gate, an arbitrary pure state of two cat-state qubits, given by |φ ab = α|00 ab + β|01 ab + γ|10 ab + ζ|11 ab , is transformed as follows |φ ab → α|00 ab + β|01 ab + γ|10 ab − ζ|11 ab .
From description given above, one can see that the qutrit remains in the ground state during the entire operation. Hence, decoherence from the qutrit is greatly suppressed.
As shown above, the Hamiltonian (11) for the second unitary operation (U 2 ) was constructed by tuning cavity frequency. However, we point out that tuning cavity frequency is unnecessary. Alternatively, one can obtain the Hamiltonian (11) by adjusting the level spacings of the qutrit to meet the conditions required for constructing this Hamiltonian (11) . Note that for a SC qutrit, the level spacings can be rapidly (within 1-3 ns) adjusted by varying external control parameters (e.g., magnetic flux applied to the superconducting loop of a SC phase, transmon [54] , Xmon [10] , or flux qubit/qutrit [55] ).
We should mention that the Hamiltonian (4) was previously proposed to realize a controlled-phase gate of two discrete-variable qubits [56] , for which the two logic states of a qubit are encoded with the vacuum state and a single-photon state of a cavity mode.
In stark contrast, the present work aims at implementing a controlled-phase gate of two continuous-variable qubits, for which the two logic states of a qubit are encoded with cat states of a resonator or cavity.
III. POSSIBLE EXPERIMENTAL IMPLEMENTATION
In above, we have explicitly shown how to realize a controlled-phase gate of two cat-state qubits. We now give a brief discussion on the experimental feasibility by considering a setup of a SC transmon qutrit coupled to two 3D microwave resonators or cavities.
From the description given above, one can see that the gate implementation involves the following two basic operations:
(i) The first operation is described by the Hamiltonian (1). In reality, the inter-resonator crosstalk between the two resonators is inevitable [57] , and there exist the unwanted coupling of resonator a with the |e ↔ |f transition and the unwanted coupling of resonator b with the |g ↔ |e transition of the qutrit. When these factors are taken into account, the Hamiltonian (1) becomes
where the first bracket term represents the interaction of resonator a with the |g ↔ |e transition, the second bracket term represents the interaction of resonator b with the |e ↔ |f transition, the third bracket term represents the unwanted coupling between resonator a and the |e ↔ |f transition with coupling strength g ′ and detuning δ ′ a = ω f e − ω a < 0 (Fig.  3) , and the fourth bracket term represents the unwanted coupling between resonator b and the |g ↔ |e transition of the qutrit with coupling strength µ ′ and detuning δ ′ b = ω eg −ω b > 0 (Fig. 3) . In addition, the last bracket term of Eq. (16) represents the inter-resonator crosstalk, where g ab is the coupling strength between the two resonators while △ ab = ω a − ω b is the difference between the two-resonator frequencies.
(ii) The second operation is described by the Hamiltonian (10). In practice, the interresonator crosstalk between the two resonators and the unwanted coupling of resonator a with the |e ↔ |f transition should be considered. Note that for the second operation, the frequency of resonator b was far detuned such that resonator b is decoupled from the qutrit.
When these factors are taken into account, the Hamiltonian (10) becomes
where the first bracket term represents the interaction of resonator a with the |g ↔ |e transition, while the second bracket term represents the unwanted coupling between resonator a and the |e ↔ |f transition with coupling strength g ′ and detuning δ ′ a = ω f e − ω a < 0 (Fig. 5) . The last bracket term of Eq. (17) represents the inter-resonator crosstalk, where g ab is the coupling strength between the two resonators while △ ab = ω a − ω b is the difference between the two-resonator frequencies.
The dynamics of the lossy system is determined by
where H I,i is the full Hamiltonian given above (i = 1, 2), σ
is the photon decay rate of resonator a (b). In addition, γ eg is the energy relaxation rate for the level |e of the qutrit, γ f e (γ f g ) is the energy relaxation rate of the level |f of the qutrit for the decay path |f −→ |e (|g ), and γ ϕj is the dephasing rate of the level |j (j = e, f ) of the qutrit.
The fidelity of the operations is given by
where |ψ id is the output state of an ideal system without dissipation, dephasing and crosstalk etc.; while ρ is the final practical density operator of the system when the operation is performed in a realistic situation. For simplicity, choose α = cos θ cos ϕ, β = cos θ sin ϕ, γ = sin θ cos ϕ, and ζ = sin θ sin ϕ, which satisfy the normalization condition |α| 2 + |β| 2 + |γ| 2 + |ζ| 2 = 1. The initial state of the qutrit-resonator system is thus written as |ψ in = (cos θ cos ϕ|00 ab + cos θ sin ϕ|01 ab + sin θ cos ϕ|10 ab + sin θ sin ϕ|11 ab ) |g . The output state is |ψ id = (cos θ cos ϕ|00 ab + cos θ sin ϕ|01 ab + sin θ cos ϕ|10 ab − sin θ sin ϕ|11 ab ) |g .
In the following, we will consider the cases:
θ = π/4, ϕ = π/3; and (iv) θ = π/3, ϕ = π/4; which correspond to four initial states.
For a transmon qutrit, the typical transition frequency between two neighboring levels can be varied from 3 to 10 GHz. In addition, the anharmonicity of the level spacings for a transmon qutrit can be made to be within 100 ∼ 500 MHz [14] . As an example, we thus consider ω eg /2π = 6.5 GHz and ω f e /2π = 6 GHz. By choosing δ a /2π = −1.0 GHz and δ b /2π = 1.1 GHz, we have ω a /2π = 7.5 GHz and ω b /2π = 4.9 GHz, for which we have △ ab /2π = 2.6 GHz. We set δ a /2π = 1.0 GHz, for which we have ω a /2π = 5.5 GHz. By choosing ω b /2π = 3.5 GHz, we have △ ab /2π = 2 GHz. In addition, we have δ [14] ), and (iii) α = 0.5. Here, we consider a rather conservative case for decoherence time of transmon qutrits because energy relaxation time with a range from 65 µs to 0.1 ms and dephasing time from 25 µs to 70 µs have been experimentally reported for a 3D superconducting transmon device [7, 11, 48] . The value of g is determined according to g 2 /δ a = −g 2 /δ a , given g, δ a , and δ a . For a transmon qutrit [49] , one has g ′ ∼ √ 2g, µ ′ ∼ µ/ √ 2, and g ′ ∼ √ 2 g. We set g ab = 0.01g, which can be Hamiltonians (4) and (11) but not considering decoherence and the inter-resonator crosstalk; blue curves are based on the effective Hamitonians (4) and (11) and considering decoherence and the inter-resonator crosstalk; while red curves are based on the full Hamiltonians (16) and (17) readily achieved in experiments [33] .
For simplicity, assume κ a = κ b = κ. By solving the master equation (18), we numerically calculate the fidelity versus κ −1 , as shown in Fig. 6 . Fig. 6(a) is plotted for θ = ϕ = π/4. To see how good the approximations are, we have calculated the fidelity based on the effective Hamiltonians given in Eq. (4) and Eq. (11) and by considering decoherence and the inter-resonator crosstalk (see the blue curves in Fig. 6 ). From the red curves and the bule curves depicted in Fig. 6 , one can see that compared to the case of the gate being performed based on the effective Hamiltonians, the fidelity for the gate performed in a realistic situation is slightly decreased by 0.9% − 1.5%. This implies that the approximations made for the effective Hamiltonians are reasonable.
Lifetime ∼ 1 ms of microwave photons has been experimentally demonstrated in a coaxial resonator [17, 48] . For κ −1 = 300 µs, we have Q a = 1.2 × 10 7 for ω a /2π = 6.5 GHz, Q a = 1.0×10 7 for ω a /2π = 5.5 GHz, Q b = 9.2×10 6 for ω b /2π = 4.9 GHz, and Q b = 6.6×10 6 for ω b /2π = 3.5 GHz. Note that a high quality factor Q = 3.5 × 10 7 of a 3D superconducting resonator has been experimentally demonstrated [17] . The analysis here implies that the high-fidelity implementation of the proposed gate is feasible within the current circuit QED technology.
IV. CONCLUSIONS
We have proposed a method to realize a universal controlled-phase gate of two cat-state qubits, via two microwave resonators coupled to a superconducting transmon qutrit. This method can be extended to a wide range of physical systems such as two microwave or optical cavities coupled to a single three-level natural or artificial atom. As shown above, this proposal has these features. During the gate operation, the qutrit remains in the ground state; thus decoherence from the qutrit is greatly suppressed. Because only two basic operations are needed and neither classical pulse nor measurement is required, the gate realization is simple. Our numerical simulations show that high-fidelity implementation of the proposed gate is feasible with current circuit QED technology. To the best of our knowledge, this work is the first to demonstrate the implementation of a controlled-phase gate with cat-state qubits based on cavity-or circuit-QED. We hope that this work will stimulate experimental activities in the near future. 
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APPENDIX
Under the unitary operation U 1 and for an interaction time t = t 1 , the state transformations for the four logical states |00 ab , |01 ab , |10 ab and |11 ab of the two cat-state qubits are listed below in details. C 2m C 2n ′ +1 exp(iλ ana t 1 ) exp(iχn anb t 1 )|2m a |2n 
U 1 |11 ab |g = exp(iλ ana |g g|t 1 ) exp(iχn anb |g g|t 1 )⊗ 
